Abstract. Consider polynomial sequences that satisfy a first-order differential recurrence. We prove that if the recurrence is of a special form, then the Turán expressions for the sequence are weakly Hurwitz stable (non-zero in the open right half-plane). A special case of our theorem settles a problem proposed by S. Fisk that the Turán expressions for the univariate Bell polynomials are weakly Hurwitz stable. We obtain related results for Chebyshev and Hermite polynomials, and propose several extensions involving Laguerre polynomials, Bessel polynomials, and Jensen polynomials associated to a class of real entire functions.
Introduction
Given a sequence of polynomials P = {P k } ∞ k=0 , with degree deg(P k ) = k, we adopt the notation (1) T k (P; x) = (P k+1 (x)) 2 − P k+2 (x)P k (x)
for the k-th Turán expression. Let D = ∂/∂x and N = {0, 1, 2, . . . } throughout. A polynomial in C[x] is called weakly Hurwitz stable if it is non-zero in the right half-plane ℜ x > 0. Our investigation is motivated, in part, by a problem proposed by S. Fisk. , where B k is the k-th univariate Bell polynomial given by the recurrence
with initial value B 0 (x) = 1. Then T k (B; x) is weakly Hurwitz stable for k ∈ N.
Problem 1 concerns the univariate Bell polynomials, which have significance in combinatorics ( [2] , [10] , [16, p. 76 ]), and states that an associated Turán expression is weakly Hurwitz stable, a property relevant in the analysis of linear systems [1, p. 465] . Unfortunately, Fisk passed away before he could finish his book, and the tentative proof of Problem 1 which appears in the electronic draft [8, p. 651, Lemma 21.91 ] is incorrect, as we show in Example 2.5 (this may be why it also appears in the open question list [8, p. 724, Question 33] ). By means of the following theorem we are able to answer Problem 1 in the affirmative. Theorem 1.1. Let P = {P k } ∞ k=0 be a set of real polynomials such that deg(P k ) = k, for k ∈ N (i) If the sequence P satisfies P k+1 (x) = a(x + b)(D + c k )P k (x), a = 0, b ≥ 0, and c k+1 ≥ c k > 0 for all k ∈ N, then T k (P; x − b) is weakly Hurwitz stable for all k ∈ N.
(ii) Let P = {P k } ∞ k=0 be a set of polynomials which satisfy P k+1 (x) = c(−ax + b + D)P k (x)
for a > 0, b, c ∈ R, for each k ∈ N. For each k ≥ 1, all k zeros of P k are real (see Remark 1.2); let M k denote that largest and m k denote the smallest zero of P k . Then for each k ∈ N, T k (P; x) is non-zero when ℜ x > M k+1 or ℜ x < m k+1 . (iii) If the sequence P satisfies
for all k ≥ 1, and each P k has only non-positive zeros, then T k (P; x) is weakly Hurwitz stable for all k ∈ N. Remark 1.2. Note that the types of sequences in Theorem 1.1 parts (i) and (ii) consist of polynomials which have only real zeros. This follows immediately from the recurrences, since the operators a(x + b)(D + c k−1 ) and c(−ax + b + D) preserve the property of having only real zeros (cf. [17, p. 155] ). Although real, non-positive zeros are required in the hypothesis in part (iii), the operator (xD −k) preserves the property of having real zeros for polynomials of degree k [17, p. 97] . In addition, in order to avoid a vacuous case for the theorem in parts (i) and (ii) one should take P 0 to be a non-zero real constant.
Indeed, with a = 1, b = 0, and c k = 1 for all k ∈ N, Theorem 1.1 (i) establishes Problem 1.
1.1.
A Brief History of Turán Expressions. While obtaining a result concerning the root separation of consecutive Legendre polynomials, P. Turán [22] proved the following theorem.
Theorem 1.3 ([22]
). Let P k be the k-th Legendre polynomial, and
be the sequence of Legendre polynomials. Then
for all −1 ≤ x ≤ 1, and k ∈ N, where equality holds only for |x| = 1.
Turán's paper appeared in print after a publication of G. Szegő [21] , who provided four additional proofs of Theorem 1.3. Citing assistance from G. Pólya, Szegő [21] establishes similar inequalities for the ultraspherical polynomials, the generalized Laguerre polynomials, and the Hermite polynomials. Inequalities in the form (2) have been ardently investigated and extended, with contributions from a diverse assemblage of mathematicians [4, 7, 11, 14, 19, 20, 21, 22] .
For P ∈ R[x] a fixed polynomial of degree exactly n, an important form of the Turán expression (1) is obtained for the sequence
and appears in the Laguerre inequality [4] . The Laguerre inequality and its analogs are useful in determining bounds for extreme zeros of a polynomial sequence [9] , and in the study of the location of zeros of entire functions [4] . Turán expressions are also ubiquitous in areas such as matrix theory [3] and statistics [11] . The Turán expression can be represented in terms of a 2 × 2 Hankel determinant
, which invites extension to higher dimensional determinants. In a comprehensive paper, S. Karlin and G. Szegő [11] addressed the properties of the higher dimensional determinants in the case that x is real (see also [13] ). For a special case of the Turán expression, K. Dilcher and K. Stolarsky [7] proved the following theorem regarding the location of zeros.
Theorem 1.4 ([7]
). If all the zeros of P (z) are real and lie in the interval [−1, 1], then all the zeros of the Wronskian W P (x) = (P ′ (x)) 2 − P ′′ (x)P (x) lie inside or on the unit circle.
Dilcher and Stolarsky take their analysis well beyond Theorem 1.4, and extend their results to generalized Laguerre expressions (see [6] , Theorem 4.6). One such generalization gives rise to the extended Laguerre inequalities, which have importance in the theory of entire functions. In particular, these inequalities provide a necessary and sufficient condition for the Riemann-Hypothesis [5] . We investigate extended Turán expressions, and show that the extended Turán expressions for the Chebyshev polynomials of the first and second kind have zeros only at ±1.
We note that our method of proof for Theorem 1.1 yields a less precise version of Theorem 1.4, that the zeros of W P must lie in the vertical strip −1 ≤ ℜ x ≤ 1. The proof of Theorem 1.1 uses standard methods involving the logarithmic derivative which are common in the analytic theory of polynomials [17] , and is similar to the proof of Theorem 1.4. Results related to log-concavity have recently been obtained by D. Karp [12] , who also conjectures Hurwitz stability for polynomials which arise from determinants.
The rest of the paper is organized as follows. An example in Section 2 shows that the drafted proof of Problem 1 contains a mistake (see [8, p. 651, Lemma 21 .91]), and we note an observation (Lemma 2.4) for later use. In Section 3, we establish the weak Hurwitz stability of the Turán expressions for several forms of polynomial sequences (Propositions 3.1, 3.3, and 3.5), which proves Theorem 1.1. We also obtain an analogous result for the Hermite polynomials (Proposition 3. 
Preliminary Observations
We begin by recalling two results needed for our investigation. Proof. This follows immediately from the non-negativity of the coefficients of the irreducible linear and quadratic factors of f .
k , where a k , b k ∈ R for k = 0, . . . , n, let the real and imaginary parts of f be given by ℜf (x) = n k=0 a k x k , and ℑf (x) = n k=0 b k x k , respectively. Given a sequence of real numbers {r 1 , . . . , r n }, let V (r 1 , . . . , r n ) be the number of sign changes of the sequence, where 0 values are omitted (e.g. V (+, 0, −, +, 0) = V (+, −, +) = 2). Given two polynomials f 0 and f 1 , with deg(f 1 ) < deg(f 0 ), we generate a sequence by the standard Euclidean algorithm with the following recursion:
then set f k+1 = −r k , and terminate when f k+1 is the greatest common divisor of f 0 and f 1 . 
Proof. Follows immediately:
The proof of Problem 1 that appears in Fisk's electronic draft [8, p. 651, Lemma 21 .91] relies on a claim that for a polynomial f with only real negative zeros, the polynomial
is (weakly) Hurwitz stable for all a, b, c > 0 [8, p. 643, Lemma 21.67 ]. The following example shows that this claim is false; in the draft, it is mistakenly assumed that the terms of the sum (3) are part of a cone of "half-plane interlacings", although if c were a negative number this would hold.
Example 2.5. Let f = x(x + 2), a = b = 1, and c = 3. The polynomial obtained in (3) is then −8x − 2x 2 + x 4 , which is not weakly Hurwitz stable by Proposition 2.1.
Stable Turán Expressions
In this section we establish the stability of the Turán expression for sequences of polynomials which satisfy first order recurrences of a special form (Proposition 3.1, 3.3, and 3.5), which proves Theorem 1.1.
The zero sets of two polynomials f, g ∈ R[x] are said to strictly interlace, if f and g have only real zeros, and if between any two consecutive zeros of f there is exactly one zero of g and vice versa. It is known that if the zeros of f and g are non-positive and interlace, then the difference in logarithmic derivatives f ′ /f − g ′ /g is non-zero on the positive real axis. We use a difference of logarithmic derivatives in our proofs as well, but weak Hurwitz stability of the Turán expression does not follow from the interlacing of the zeros alone (consider f 0 = 1,
be a set of polynomials where deg(
Proof. We may assume that P 0 (x) = 1, a = 1, by normalizing the sequence, and in this case, P 1 (x) = c 0 (x + b) and P 2 (x) = c 0 c 1 (x + b)(x + b + 1/c 1 ). Recall from Remark 1.2 that the form of the recurrence ensures all the roots of P k (x) are real for
j=1 be the zeros of P k and P k−1 respectively, listed in decreasing order. We first show that
We prove the claim by induction. Assume that
, where Q k−1 (x) is a degree k − 2 polynomial with only simple real zeros, strictly less than −b. Now, let c k−1 > 0. From (4),
By an application of Rolle's theorem, Q k (x) has only real simple zeros strictly less than −b, which strictly interlace those of Q k−1 . (Note the argument just given is based on a proof of the Hermite-Poulain Theorem [17, p. 155]).
Observe that whenever x is not a zero of P k (x),
Substituting this into the expression for T k−1 yields (for all x with ℜ x > −b)
The expression T k−1 (P; x) is zero at x = x 0 if and only if
0 -by construction, the last two conditions occur only if x 0 = −b. To prove the proposition, we will show that for ℜ x 0 > −b,
The first two terms of the left-hand side of (5) can be written
where r j − s j > 0, for j = 2, 3, . . . , k − 1.
Suppose that ℜ x 0 > −b. If x 0 is on the real axis then all of the terms in (6) are positive and (5) holds. Let ℑ x 0 > 0. By Lemma 2.4, all terms in (6) have negative imaginary part. Thus the imaginary part of (6) must be negative when ℑ x 0 > 0, and (5) holds again. The case ℑ x 0 < 0 follows by symmetry. Proposition 3.2 implies the Laguerre expression is non-zero outside the strip containing the zeros of the polynomial, although in this case a more precise result has already been proved by Dilcher and Stolarsky [6, 7] .
Proposition 3.2 (Corollary of [7, Theorem 2.5]). Let
be a set of polynomials where P k (x) = P ′ k+1 (x), and P k has only real non-positive zeros for k = 0, . . . , N. Then T k (P; x) is weakly Hurwitz stable for each k = 0, . . . , N.
Proof (Sketch). Note that for ℜ x 0 > 0,
and
. Similar to Proposition 3.1 we need to show that of P ′ k (x) = P k−1 (x) are simple and interlace those of P k (x) (r k < s k−1 < · · · < s 1 < r 1 ). The proof that (7) holds when ℜ x > 0 then proceeds in the same manner as in Proposition 3.1. The claim follows for polynomials with multiple real zeros by passing to the limit.
A statement similar to Proposition 3.2 holds for a type of recurrence which is satisfied by the Hermite polynomials. Proposition 3.3. Let P = {P k } ∞ k=0 be a set of polynomials which satisfy (8)
for a > 0, b, c ∈ R, for each k ∈ N. For each k ≥ 1, all k zeros of P k are real (see Remark 1.2); let M k denote that largest and m k denote the smallest zero of P k . Then for each k ∈ N, T k (P; x) is non-zero when ℜ x > M k+1 or ℜ x < m k+1 .
Proof. We show that T k−1 (P; x) is non-zero when
implies T k−1 (x 0 ) = 0 for x 0 which is not a zero of P k or P k−1 . From Rolle's theorem and the relation
the zeros of consecutive polynomials P k−1 and P k are real and strictly interlace. Therefore, establishing (9) is sufficient to complete the proof, since the interval defined by the extremal zeros of P k contains the extremal zeros of P k−1 . With (8), (9) is equivalent to P
Denote the zeros of P k and P k−1 by {r j } k j=1 and {s j } k−1 j=1 respectively, ordered such that
and by Lemma 2.4 the expression on the right is non-zero when ℑ x 0 > 0, since each term has argument in (0, π]. When x 0 is real, ℜ x 0 > M k implies that all the terms in the sum are positive. Thus, (9) holds when ℜ x 0 > M k . With
the same argument, mutatis mutandis, shows that (9) holds when ℜ x 0 < m k .
be the set of Hermite polynomials [15, p. 187], and let M k be the maximal zero of H k , k ∈ N. Then, for each k ∈ N, T k (P; x) is non-zero when |ℜ x| > M k+1 .
Proof. The Rodrigues-type formula for the Hermite polynomials [15, p. 189 ] is
Now, because Hermite polynomials of even degree are even functions and Hermite polynomials of odd degree are odd functions, we may replace the condition on x in Proposition 3.3 with the requirement that |ℜ x| > M k+1 . The corollary then follows from (11) and Proposition 3.3.
We note one more condition which is sufficient for a sequence of polynomials to have a stable Turán expression. We thank the anonymous referee for informing us that such sequences have appeared in [18] .
be a sequence of polynomials with only real non-positive zeros, such that deg(P k ) = k. If each P k ∈ P satisfies (xD −k)P k (x) = P k−1 (x) for k ≥ 1, then T k (P; x) is weakly Hurwitz stable.
, the zeros of P k−1 interlace those of P k by Rolle's theorem. The Turán expression
j=1 be the zeros of P k+1 and {s j } k j=1 be the zeros of P k , ordered such that
Since every numerator in (12) has the same sign, for real x 0 ≥ 0, the sum must be non-zero. Furthermore, if ℑ x 0 > 0, then by Lemma 2.4, each term in (12) has argument in (0, π] and thus the sum of the terms must be non-zero. The case ℑ x 0 < 0 follows by symmetry.
Proof of Theorem 1.1. Statements (i), (ii), and (iii) are given by Propositions 3.1, 3.3, and 3.5, respectively. 3.1. Turán expressions for Laguerre and Jensen polynomials. Given a real entire function f (x) = ∞ k=0 γ k x k /k!, the n-th Jensen polynomial associated with f (cf. [4] ) is
where n ∈ N. It is known that if f is a locally uniform limit of polynomials whose zeros are all real, then all of its associated Jensen polynomials also have only real zeros. Furthermore, g n (x/n) → f locally uniformly [4, Lemma 2.2]. The relation (n − xD)P n (x) = nP n−1 (x) is satisfied when the sequence {P n } ∞ n=0 are Jensen polynomials associated to some entire function f [4, Proposition 2.1], and also when it is the sequence of Laguerre polynomials [15, p. 202] .
We have computed with Maxima that the Turán expression, T k , is non-zero in the open left half-plane for the sequence of Laguerre polynomials up to k = 50. Fisk suggests that furthermore the determinants of Hankel matrices of Laguerre polynomials are non-zero in the open left half-plane [8, p. 653] . This motivates the following question.
be a sequence of polynomials with only real nonpositive zeros, such that deg(P k ) = k. Suppose that for positive integers k, P k ∈ P satisfies (k − xD)P k (x) = kP k−1 (x).
Is T k (P; x) weakly Hurwitz stable for all k ∈ N?
be a real entire function that is a locally uniform limit of polynomials with only real zeros. T. Craven and G. Csordas have shown that the Jensen polynomials of f satisfy Theorem 2.3] . If the answer to Question 3.1 is affirmative, the Turán expressions for the Laguerre polynomials (reflected across the origin), the Jensen polynomials associated with f , and for sequences {P k } ∞ k=0 generated by the relation
, will all be weakly Hurwitz stable. We make some stronger conjectures for the sequences of Bell and Laguerre polynomials in the next section (Conjecture 4.3, Conjecture 4.4).
Higher order Turán expressions
For a real entire function f (x), the n-th extended Laguerre expression, L n (f (x)), is determined by
As remarked in [5, p. 343] it follows that,
Precise information on the locations of zeros for the L n (f (x)) has been obtained by Dilcher and Stolarsky [6] . Note that one can also consider L n (f (k) (x)), which shifts the indices on the derivatives in (13) by k. It is known that a real entire function f can be obtained as a locally uniform limit of polynomials with only real zeros if and only if L n (f (x)) ≥ 0 for all x ∈ R, and for all n = 0, 1, 2, . . . [5, p. 343] . In analogy to the extended Laguerre expression, denote the k-th extended Turán expression for the sequence of polynomials P = {P k (x)} ∞ k=0 by (14) T When n = 1 in (14), the original Turán expression is recovered, T k (P; x) = T
k (P; x). Let G(x, t) = ∞ n=0 P n (x)t n /n! be the exponential generating function for a sequence of polynomials P = {P k } ∞ k=0 , and let G (k) (x, t) = (∂/∂t) k G(x, t). Then, similar to (13),
k (P; x)t 2n .
We were unable to find similar formulas for the other orthogonal polynomial families, but the calculation for the extended Turán expressions for the Chebyshev polynomials suggests the following conjectures. It seems reasonable to suspect that when a sequence of polynomials has interlacing zeros and the zero locations are similar to a sequence of consecutive derivatives, then approximate versions of the Theorem 4.6 hold.
